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Filter Performance and Velocity Distribution Relation
in Magnetic Filtration of Non-Newtonian Liquids

TEYMURAZ ABBASOV
ELECTRIC-ELECTRONIC ENGINEERING DEPARTMENT

KADIM CEYLAN*
CHEMICAL ENGINEERING DEPARTMENT

INÖNÜ UNIVERSITY

MALATYA, TURKEY

ABSTRACT

Fluid flow regime and the velocity distribution are effective parameters for systems
in which various transport phenomena take place. Besides the properties of the con-
taminating particles and filter system in the case of high gradient magnetic filtration,
the rheological properties of the fluid are also important for both design and efficiency
of the process. This paper presents a theoretical study about estimation of the veloc-
ity distribution in a magnetic filter and the dependence of filter performance on this
distribution. A model is presented to estimate the velocity distribution and filter per-
formance in magnetic filtration of Newtonian or weak non-Newtonian liquids. The
model is essentially based on the balance of forces acting on particles captured and
accumulated in the filter. Model predictions and experimental data given in the liter-
ature for Newtonian liquids are in a good agreement.

Key Words. Magnetic; Filter; Non-Newtonian liquids

INTRODUCTION

Removal of micron or submicron-sized magnetic particles (ferro, para, or
diamagnetic) with very low concentrations from various technological flu-
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ids is of a great importance for several branches of industry. Due to the very
small size and very low concentrations of particles, the classical filtration
techniques cannot be used for fine cleaning of these kinds of fluids. High
gradient magnetic filtration (HGMF) is a relatively novel technology which
has been successfully used for this purpose. Due to various advantages over
classical filters, HGMF has been favored in such activities as chemistry, en-
ergetics, and the machine industry (1–6). In addition, this technique has
found application in recent years in scientific research in biology and
medicine (7, 8).

Numerous papers are available in the literature about the mechanism and ki-
netics of magnetic filtration and the major parameters that affect the efficiency
of the process. In most of these studies it is implicitly or explicitly assumed
that the liquids subjected to magnetic filtration are Newtonian. However, re-
cent studies have indicated that some of the technological or the biological liq-
uids have non-Newtonian fluid properties (9). As far as the authors know, data
for the magnetic filtration of non-Newtonian liquids are very limited, and the
effects of non-Newtonian behavior have not been investigated.

In this paper the effects of the viscous behavior of a liquid on the velocity
distribution and on the filter performance are investigated by a theoretical ap-
proach. Based on the existing models, some new relations are proposed for the
estimation of filter performance in the magnetic filtration of Newtonian or
non-Newtonian liquids. The validity of these relations is confirmed with ex-
perimental data given in the literature for Newtonian liquids.

DEVELOPMENT OF THE THEORY AND EQUATIONS FOR
THE VELOCITY DISTRIBUTION AND FILTER

PERFORMANCE

In the cleaning of Newtonian liquids by magnetic filtration, the following
semiempirical relation is widely used to estimate filter performance (6):

C/F 5 1 2 exp(2aL) (1)

where C is the filter performance, F is the magnetic particle fraction (F 5
C90 /C0, magnetic particle concentration/total particle concentration), a is a
sorption constant, and L is the filter length. The constant a characterizes the
particle capture ability of the filter system and is generally determined by ex-
perimental methods. It is mainly dependent on the magnetic and geometric
properties of the system as well as on the rheological properties of the liquid.
Deriving a specific relation among the major system parameters which affect
a is essential for predicting the theoretical filter performance. Equation (1)
may be used as a basis to develop such a relationship. In addition, the follow-
ing definitions or assumptions are made in this text to establish a relation be-
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tween filter performance and the parameters of a filter system:

1. A liquid that contains magnetic particles is named a suspension. The mag-
netic particles in the suspension are of the same kind, spherical, and of
equal size.

2. Total concentration of the particles (magnetic plus nonmagnetic particles)
in the suspension is very low (in the range 1023 ppm or lower).

3. The suspension has weak non-Newtonian properties and its rheological
properties may be represented by the power law as in the Ostwald–de
Waele model provided that | n 2 1 | ! 1; where n is the flow behavior in-
dex (n 5 1 for Newtonian liquids).

4. A magnetic filter is a kind of packed bed, or a porous media, which con-
sists of contacting magnetized ferromagnetic spherical elements with
identical capacities for particle capture.

5. An active area is created around the contacting points of the filter ele-
ments in which the particles are captured and collected. The changes in
the porosity of the filter due to particle capture and accumulation are neg-
ligible.

6. The main forces, which affect particle capture and accumulation, are the
magnetic force (Fm) and the drag force (FD). All other forces (e.g., grav-
itational, adhesion, electrical, etc.) and diffusion are neglected.

7. The velocity profiles around the spherical elements are symmetrical. A
description of the velocity profile around a filter element may be suffi-
cient to determine the velocity distribution in the flow area.

A typical cross section of fluid flow area (or pore space) in the magnetic fil-
ter is schematically demonstrated in Fig. 1. Indeed, the figure does not repre-
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FIG. 1 Schematically representation of the fluid flow space confined by four spherical filter
elements.
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sent the most probable arrangement of the spheres in the bed. The natural ar-
rangement is between cubic and rhombic, but cubic arrangement is deliber-
ately chosen to simplify the mathematical operations. The sorption constant,
a, in Eq. (1) may be estimated in terms of the system parameters which are de-
fined in Fig. 1 as follows (6):

a 5 }
3
4

} (R/a)3/d (2)

where R is the accumulation depth or radial coordinate from the contacting
point, a is the radius of the filter element as indicated in Fig. 1, d is the diam-
eter (d 5 2a), and R/a is the dimensionless radius for the active area of the fil-
ter system. Equation (2) imposes that R/a must be known to estimate a. The
accumulation depth, R, may be estimated by balancing the drag force and the
magnetic force, i.e.,

Fm 5 FD (3)

After estimation of the effective forces, this equality may be used to derive a
relation for estimation of R/a. The estimation of these forces in terms of their
major parameters is summarized below.

The Magnetic Force

The magnetic force on a ferromagnetic particle in the vicinity of the con-
tacting points of the filter elements is given by Sandulyak (6) as

Fm 5 }
p

6
d3

} > }
p

2
d3

} }
m0x

d(
m

R

1

/

.

a

38

)
H2

} (4)

where m0 5 4p 3 1027 (H/m), the free space magnetic permeability, xp is the
particle magnetic susceptibility, xf is the fluid magnetic susceptibility, x is the
effective magnetic susceptibility (x 5 xp 2 xf), m is the relative magnetic per-
meability of the filter elements, H is the external magnetic field, and d is the
effective particle size.

The Drag Force

The drag force exerted on a immersed body is proportional with the veloc-
ity head and may be estimated for a spherical body by (10, 11)

FD 5 CDprfU2d2/8 (5)

where CD is the drag coefficient, rf is the fluid density, and U is the local flow
velocity. The drag coefficient due to the flow of a Newtonian fluid is essen-
tially a function of only the Reynolds number (Re) for a definite geometry. It
may be estimated that Re is generally about Re , 1 in a magnetic filter. For
the case of the flow past a sphere, CD may be estimated from Stokes’ equation

m0(xP 2 xf )m2(m 2 1)H2(R/a)
}}}}

a{1 1 0.5(m 2 1)(R/a)2}3
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or from Oseen’s equation up to Re , 5 (9, 10). But for a non-Newtonian liq-
uid, it is a function of both Re and the flow behavior index, n (11, 12). Under
the creeping flow conditions (Re ! 1), the drag coefficient may be estimated
by (11, 12)

CD 5 24 Xn/Ren (6a)

where Xn is the drag correlation coefficient, defined as

Xn 5 31.5(n21)}
n
2
(n
1

1
29

2
n
)(

2
2n

2
1
2n

1

2

)
} (6b)

and Xn(1) 5 1, which corresponds to Newtonian liquids. Ren is the modified
Reynolds number:

Ren 5 rfd
nU (22n)/K (6c)

where K is the consistency index for a non-Newtonian liquid model.
Equations (6) may be inserted into Eq. (5) to obtain.

FD 5 3KpUnXnd(22n) (7)

The fluid velocity in Eq. (7) must be known to estimate R/a through the
equality in Eq. (2). On the other side, the local velocity itself is also a func-
tion of R /a. Therefore, a relation for the dependence of the local velocity on
R/a, or for the velocity distribution in the bed, must be developed to evaluate
Eq. (7).

Determination of Flow Velocity Distribution in the Pores

The nature of velocity profiles in the fluids flowing in tubes or beds has
been the subject of a great amount study over the years (10–12). Based on
these studies, it is stated that the fluid velocity in the filter ranges from zero (at
the fluid–solid interface) to a maximum value at the center of the flow space
(Fig. 1). The average fluid velocity, kV l, in a porous media such as a packed
bed or a magnetic filter is dependent on the bulk flow velocity (Vf, the filtra-
tion velocity), the medium porosity («), and on n. This velocity, in general,
may be estimated by following two different procedures.

In the first, the average velocity in the filter is easily calculated using the
bulk flow velocity and the filter porosity (12):

kV l 5 Vf /«n (8)

However, Eq. (8) is not very useful at this point since it does not show the
dependence of this velocity on the velocity distribution in the bed. The local
velocity must be known to estimate the drag force at a certain point in the flow
area, and to solve Eqs. (4) and (7) simultaneously. Therefore, it is more useful
to express the average velocity in terms of the velocity distribution.
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In the second, the average velocity in the filter is calculated in terms of ve-
locity distribution as follows (6):

kV l 5 }
p
4

} Ep/4

0
}
(r1

d
2

b

a)
} E r1

a
U dr (9)

where b is a characteristic angle for a point within the particle capture zone
and r1 is the characteristic distance for that point, such that r1 5 a/cos b, as
demonstrated in Fig. 1.

The determination of the local velocity, U, or the velocity profile in a mag-
netic filter, by the experimental method is very difficult since the pore sizes
are very small (13, 14). In fact, some analytical relations are given in the lit-
erature for the velocity distribution in non-Newtonian liquids past a single ob-
ject such as a sphere or a cylinder. For example, for a liquid obeying the power
law and flowing over a single sphere, the local velocities are given by (15)

Ur 5 U`[1 2 1.5 (a/r)1/n 1 0.5(a/r)3/n]cosQ (10a)

UQ 5 2U`[1 2 (0.75/n)(2n 2 1)(a/r)1/n 1 (0.25/n)(2n 2 3)(a/r)3/n]sinQ
(10b)

where U` is the undisturbed velocity from solid surface, and r and Q are the
polar coordinates. Theoretically, Q varies in the range 0 # Q # 180° and a/r
varies in the range 0 # (a/r) # 1 for a single sphere. For the case demonstrated
in Fig. 1, a/r varies in the 0.71 # (a/r) # 1 range.

The above equations may be simplified for practical purposes by assuming
Q 5 90°. Then the local velocity may be estimated by the equation

U 5 (U r
2 1 U2

Q)0.5

or

U 5 | UQ | 5 U`[1 2 (0.75/n)(2n 2 1)(a/r)1/n 1 (0.25/n)(2n 2 3)(a/r)3/n]
(11)

Equation (11) may be used to predict the velocity distribution in a non-New-
tonian liquid past a single sphere. One may utilize the above relations to de-
rive a statement to estimate the velocity profile of a non-Newtonian fluid in a
packed bed made up of spherical elements.

Equation (9) is integrated to obtain kV l after substitution of Eq. (11) into
this equation. Upon the integration by assuming | n 2 1 | ! 1, the following
statement is obtained after rearranging it for U`:

U` 5 ƒ1(n)kV l (12a)

where ƒ1(n) is a function of n:

ƒ1(n) 5 (25 n)/(n 1 1) (12b)
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Inserting Eq. (12) into Eq. (11) gives

U 5 ƒ1(n)kV l[1 2 0.75/n)(2n 2 1)(a/r)1/n 1 (0.25/n)(2n 2 3)(a /r)3/n]
(13a)

This equation gives the velocity profile of a non-Newtonian liquid flowing in
a packed bed. By taking into consideration that r 5 (a2 1 R2)0.5, as is seen in
Fig. 1, this equation may be restated in terms of R/a:

U 5 ƒ1(n)kV l[1 2 (0.75/n)(2n 2 1)(1 1 (R /a)2)21/ 2n

1 (0.25/n)(2n 2 3)(1 1 (R /a)2)23/ 2n] (13b)

The maximum velocity is observed at the center of the flow space and may
be estimated by replacing R /a 5 1 in the above equation. However, practical
applications indicate that particle accumulation in the filter occurs up to R /a
5 0.3–0.4. Based on this fact, Eq. (13) may be simplified for practical engi-
neering applications. The statement in bracket in Eq. (13b) (or 13a) may be ap-
proximated by a simpler statement as follows provided that R/a # 0.4:

[1 2 (0.75/n)(2n 2 1)(1 1 (R /a)2)21/ 2n 1

(0.25/n)(2n 2 3)(1 1 (R /a)2)23/2n] > 0.7/n(R /a)2/n (14)

Substitution of Eqs. (8) and (14) into Eq. (13) leads to

U 5 0.7[ƒ1(n)Vf /n«n](R /a)2/n (15)

For magnetic filters made up of spherical elements, the porosity « varies in the
range 0.40 , « , 0.48. Assuming « 5 0.44 on the average, and inserting this
value and Eq. (12) into Eq. (15) gives

U 5 ƒ2(n)Vf (R /a)2/n (16a)

where ƒ2(n) is

ƒ2(n) 5 17.5/[0.44n(n 1 1)] (16b)

Equations (12) and (16) are useful statements for estimating U. For example,
for a Newtonian fluid, Eq. (12) gives U` 5 12.5kV l, Eq. (13b) gives Um 5
4.8kV l for the maximum velocity at the center of the flow space (R /a 5 1), and
Eq. (16) gives U 5 20 Vf (R /a)2 for the local velocity. Based on the measure-
ments of the velocity distribution by the laser Doppler method, the following
relationship has been suggested for the local velocity in a Newtonian liquid
flowing within a magnetic filter made up of spherical elements (6):

U 5 KvVf (R /a)2 (17)

where Kv is a constant with a value in the 10 , Kv , 20 range. These results
indicate that the model predictions are almost the same with experimental data
given in literature for a Newtonian fluid flowing through a packed bed (6).
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Based on Eq. (16), the dependence of the dimensionless velocity distribu-
tion (U/Um) on R /a is demonstrated in Fig. 2 for liquids obeying the power law
with n values of 0.7 # n # 1.2. Some experimental data from the literature for
a Newtonian liquid are also indicated in the figure for comparison. The figure
indicates that model predictions for a Newtonian liquid are in good agreement
with the experimental data. The effect of n on the velocity profiles given in the
figure is in good agreement with those given in the literature (15, 16). Since
filter performance is also a function of velocity (17, 18), it may be concluded
that the above equations can also be used to develop some new relations for
estimation of filter performance in the filtration of Newtonian or non-Newto-
nian liquids.

Estimation of the Filter Performance

For the prediction of filter performance, the sorption constant a must first
be determined. A combination of the above Eqs. (2), (3), (4), and (7) may pro-
vide a relation among R /a, U, and filter performance. For this purpose, insert-
ing Eq. (16) into Eq. (7) and then using Eqs. (3) and (4) gives the following
relations after some mathematical arrangements:

(R /a)3 5 ƒ(n)(Vm/Vf) (18a)

2184 ABBASOV AND CEYLAN

FIG. 2 The dependence of the dimensionless local velocity on the dimensionless distance from
the contact points of the filter elements, and a comparison of experimental data with the model

predictions. (s) Experimental data (6).
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where

ƒ(n) 5 [18Xn ƒn
2(n)]21 (18b)

Vm is the magnetic velocity, defined as

Vm 5}
3d2m0

h

x

a

m

vd

1.30H 2

} (18c)

hav is the apparent viscosity:

hav 5 K [Vf/d](n21) (18d)

Substitution of Eq. (18) into Eq. (2) and then into Eq. (1) gives

C/F 5 1 2 exp[20.75ƒ(n)(Vm/Vf)(L /d)] (19)

where L/d is the dimensionless filter length.
Equation (19) is very convenient for estimating filter performance in the

magnetic cleaning of Newtonian or weak non-Newtonian liquids. For a definite
filter system, L /d is a constant and therefore the performance is mainly a func-
tion of n and Vm/Vf. In the case of a Newtonian liquid, Eq. (19) simplifies to

C/F 5 1 2 exp[22.1 3 1023(Vm/Vf)(L /d)] (20)

Equation (20) is principally the same as Eq. (1), and indicates the effects of the
main parameters of the system on performance.

Equations (19) and (20) are obtained on the assumption that Ren ! 1. In or-
der to derive a similar relation valid for a larger range of Reynolds numbers,
the lift and drag components of the drag force, instead of Eq. (5), must be
taken into consideration. These components may be estimated by (17)

FDx 5 }
rfp

4
d2

} U 2nlxM (21a)

FDy 5 }
rfp

4
d2

} U 2nlyM (21b)

where lx and ly are the drag and lift components of the drag force, and M is a
correlation coefficient involving the fluctuations in velocity.

Based on the effective forces, the moment balance for a particle at rest on
the upper layer of the accumulated particles in the filter matrix may be given
as (17)

FDxL1 1 FDyL2 2 FmL4 5 0 (22)

where L1, L2, and L4 are the distances of the application points of the forces
to the touching points of the deposited particles (17). Substituting Eqs. (4),
(16), and (21) into Eq. (22) with the data from Gontar (17) (lx 5 0.42, ly 5
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0.1, L1 5 0.74d/2, L2 5 0.5d/2, L3 5 0.5d/2, L4 5 0.785d/2, M 5 4) enables
R /a to be stated in terms of the system parameters. Substitution of the resul-
tant statement into Eq. (2) and then into Eq. (1) gives

}
C
F

} 5 1 2 exp 520.45[114ƒ2(n)22n]0.6 1}xr
H

fV

0.

f
2

7

d

5d
}2

0.6

}
L
d

}6 (23)

For the case of Newtonian liquids, this equation simplifies to

}
C
F

} 5 1 2 exp 320.212L 1}r
x

f

H
V

0

f
2

.

d

75

2

d
.7}2

0.6

4 (24)

Equation (24) is also principally the same as Eq. (1) but indicates in detail the
dependence of performance on the parameters of the system.

RESULTS AND DISCUSSION

The literature data for Newtonian liquids indicate that the sorption coeffi-
cient, a, is strongly affected by the filtration velocity. The equations devel-

2186 ABBASOV AND CEYLAN

FIG. 3 The dependence of filtration performance on Vm/Vf, and a comparison of experimental
data with the model predictions. Experimental data are for filtration of a suspension prepared
from magnetite (Fe3O4) particles, x 5 0.4, d 5 5.7 3 1023 m, rf 5 1000 kg/m3, L 5 0.042 m,
F 5 1 (6). (s) H 5 30 kA/m, d 5 (3–5) 3 1026 m; (3) H 5 125 kA/m, d 5 (3–5) 3 1026 m;
(h) H 5 30 kA/m, d 5 (7–9) 3 1026 m; (1) H 5 30 kA/m, d 5 (10–15) 3 1026 m; (d) H 5

75 kA/m, d 5 (10–15) 3 1026 m; (*) H 5 52 kA/m, d 5 (10–15) 3 1026 m.
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oped above suggest that the same is also true for non-Newtonian liquids. In
addition, the non-Newtonian properties of a liquid also seem to have an effect
on performance.

The dependence of filter performance on Vm/Vf is demonstrated in Fig. 3 for
the 0.7 # n # 1.2 range by assuming F 5 1 and L /d 5 7.36. It is seen from
the figure that the performance is appreciably dependent on Vm/Vf, especially
in the 10 # Vm/Vf # 100 range. The effect of n on performance is also more
significant in this range. Some experimental data from the literature for a
Newtonian liquid are also presented in the figure for the sake of comparison.
These data are for the magnetic filtration of an artificially prepared suspension
of Fe3O4 (F 5 1) in a laboratory-scale filter (L 5 0.042 m) (6). It is seen from
the figure that the model predictions and the experimental data are in good
agreement. Based on this result it may be suggested that the model is valid also
for non-Newtonian liquids; however, we do not have any experimental data to
support this conclusion. It is seen from the figure that filter performance de-
creases as n increases. Theoretical calculations suggest that performance in
certain filter systems may decrease up to approximately 25% as n changes
from 0.7 to 1.2. This result is also in accord with literature data that the rate of
mass transfer is higher in pseudoplastic fluids than in dilatants (15).

CONCLUSION

The relations developed above may be used to estimate the velocity distri-
bution in a magnetic filter and the performance in the magnetic filtration of
Newtonian or non-Newtonian liquids. The literature data for Newtonian liq-
uids indicate that the performance of a magnetic filter is a function of various
parameters (such as filtration velocity, filter length, magnetic field strength,
etc.) of the system. The model developed here indicates that the same param-
eters are also effective in the filtration of non-Newtonian liquids. In addition,
Eqs. (19) and (20), or the results in Figs. 2 and 3, suggest that viscous effects
also have a substantial influence on filter performance. The performance may
differ up to 25% under identical filtration conditions when the flow behavior
index n varies from 0.7 to 1.2. The convenience of the model for the estima-
tion of filter performance has been confirmed by comparing the result with ex-
perimental data given in the literature.

SYMBOLS

a radius of the filter elements (m)
C0 total concentration of particles before filtration (g/kg)
C90 total concentration of magnetic particles before filtration

(g/kg)
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DC decrease in the concentration after filtration
d diameter of the filter elements (m), d 5 2a
FD drag force (N)
FDx drag component of the drag force (N)
FDy lift component of the drag force (N)
Fm magnetic force (N)
HGMF high gradient magnetic filtration
H external magnetic field (A/m)
H dimensionless magnetic field strength
K flow consistency index (Pa?sn)
Kv a constant for estimating the velocity profile within a porous

filter
L filter length in flow direction (m)
L1, L2, L4 characteristic distances as defined in Ref. 17 (m)
M a correlation coefficient regarding the fluctuations in velocity
n flow behavior index for fluids obeying the power law
r distance of center of fluid flow space to the center of the filter

element (m) (Fig. 1)
r1 distance of a point within the fluid flow space to the center of

the filter element (m) (Fig. 1)
R radial coordinate from the contacting point of the filter ele-

ments (m)
Ren modified Reynolds number
U local interstitial fluid velocity at distance R (m/s)
Um maximum interstitial velocity (m /s)
U` undisturbed fluid velocity (m /s)
Vm magnetic velocity as defined in Eq. (20c) (m /s)
Vf filtration velocity (bulk flow velocity) (m /s)
kV l average interstitial fluid velocity (m /s)
Xn drag correlation coefficient

Greek Letters

a a sorption constant (m21)
b a characteristic angle for a point within fluid flow space 

(Fig. 1)
d effective particle size (m)
« filter porosity
lx a coefficient for drag components of the drag force
ly a coefficient for lift components of the drag force
rf fluid density (kg/m3)
m magnetic permeability of the filter elements
m0 the free space magnetic permeability 5 4p 3 1027 (H /m),

2188 ABBASOV AND CEYLAN

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
1
:
0
7
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



ORDER                        REPRINTS

hav apparent viscosity as defined in Eq. (20d) (Pa?s)
xp particle magnetic susceptibility
xf fluid magnetic susceptibility
x effective magnetic susceptibility (5 xp 2 xf)
C filter performance (5 DC /C0)
F fraction of magnetic particles in the fluid (5 C90 /C0)
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